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ary condition. Robin boundary conditions between the Navier-Stokes domain and Darcy
domain are constructed by directly re-organizing the terms in the three interface condi-
tions, including the Beavers-Joseph condition. In order to avoid the traditional iteration for
the domain decomposition method at each time step, the interface information, which is

ﬁi{,ﬁiﬁ;kes_mrcy model needed for the Robin type transmission conditions at the current time step, is directly pre-
Beavers-Joseph interface condition dicted based on the numerical solution of the previous time steps. Backward Euler scheme
Defective boundary condition is first utilized for the temporal discretization while finite elements are used for the spa-
Domain decomposition method tial discretization. The convergences of this domain decomposition method are rigorously
Lagrange multiplier analyzed for the time-dependent Navier-Stokes-Darcy model with Beavers-Joseph interface

condition. The major difficulties in the analysis arise from nonlinear terms and Beavers-
Joseph interface condition, including a series of technical treatments and the final special
norm used in the discrete Gronwall’s inequality for the analysis of full discretization. Based
on the above preparation, we further develop a Lagrange multiplier method under the
framework of the domain decomposition method to overcome the difficulty of non-unique
solutions arising from the defective boundary condition. One interesting finding of this pa-
per is that the Lagrange multipliers are time dependent functions instead of constants. In
order to improve the accuracy order for the temporal discretization, a three-step backward
differentiation scheme is used to replace the backward Euler scheme. Compared with the
first scheme, the second one allows us to use the relative larger time step to reduce the
computational cost while keeping the same accuracy. Numerical examples are provided to
illustrate the features of the proposed method.
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1. Introduction

In the past decade many scientists and engineers have investigated the Stokes-Darcy or Navier-Stokes-Darcy type models
for the coupling of fluid flows and porous media flows. The Stokes-Darcy interface model has attracted significant attention
from scientists and engineers due to its wide range of applications, such as interaction between surface and subsurface flows
[1-4], industrial filtrations [5,6], groundwater system in karst aquifers [7-10], and petroleum extraction [11-15]. Therefore
it is not surprising that many different numerical methods have been proposed and analyzed for the Stokes-Darcy model,
including domain decomposition methods [16-19,2,20-23], Lagrange multiplier methods [24-27,4], discontinuous Galerkin
methods [28-31], multigrid methods [32,33], partitioned time stepping methods [34-37], coupled finite element methods [7,
38-40], and many others [41-51]. Particularly, a parallel, non-iterative, multi-physics domain decomposition method (DDM)
was proposed for the time-dependent Stokes-Darcy model with Beavers-Joseph-Saffman-Jones (BJS]) interface condition in
[52].

Recently, the Navier-Stokes-Darcy model has attracted scientists’ attention, including the steady state problem [53-60]
and the unsteady problem [61-63]. Compared with the extensively studied Stokes-Darcy model, the more difficult time-
dependent Navier-Stokes-Darcy model is still in great need of continued efforts for developing and analyzing stable, accurate,
and efficient numerical methods, especially for the model with more realistic and difficult boundary/interface conditions.
In fact, it is difficult or expensive in many applications to measure the fluid flow velocity for the boundary conditions but
much easier and more cost-efficient to obtain flow rates on the boundary [64,65]. Therefore, the corresponding defective
boundary conditions were considered for the Navier-Stokes equation [66]. More recent development for defective boundary
problems can be found in [67-69].

Furthermore, there are two choices for the interface condition in the tangential direction: the original Beavers-Joseph
(BJ]) interface condition [70] and the simplified Beavers-Joseph-Saffman-Jones (BJS]) interface condition [71-73]. It is true
for some cases that the contribution of the Darcy flow in tangential direction is heuristically much smaller than that of
Stokes flow on the interface and hence the BJS] simplification can be used. There are related theoretical works in [74]
using the Brinkman-Stokes model as the starting point and periodicity in the horizontal (along the interface) direction. They
demonstrated that the BJ interface condition is more accurate than the BJS] interface condition or its further simplifications.
The error is not necessarily small for all parameters and it could be of order 1 for the lower values of the hydraulic
conductivity/permeability/porosity.

Based on the key ideas of [52] which was a fundamental development for the simple Stokes-Darcy model with BJS]
interface condition, in this article we first develop a parallel, non-iterative, multi-physics domain decomposition method
to solve the sophisticated time-dependent Navier-Stokes-Darcy system with B] interface condition. In order to avoid the
traditional iteration for the domain decomposition at each time step, the interface information at the current time step is
directly predicted based on the numerical solution of the previous time steps. Therefore, the method is non-iterative for
the domain decomposition even though iterations are still needed for the temporal discretization and Newton’s method to
handle time-dependence and nonlinearity. Beavers-Joseph interface condition needs special treatments in both the analysis
and the construction of the Robin boundary conditions for the domain decomposition. The nonlinear advection also increases
the difficulty of the analysis. Therefore, the analysis for the proposed method in this article is much more difficult than that
of [52], thus needs significant extra efforts, which will be illustrated in details in the analysis section. Finite elements
are used for the spatial discretization. Backward Euler and three-step backward differentiation schemes are used for the
temporal discretization. Based on the solid foundation built for the domain decomposition method of the Navier-Stokes-
Darcy system with BJ interface condition, we further propose the Lagrange multipliers to deal with this model with defective
boundary condition under the same framework of the domain decomposition method. One interesting finding of this paper
is that the Lagrange multipliers are time dependent functions instead of constants.

The rest of paper is organized as follows. In section 2, we introduce the time-dependent Navier-Stokes-Darcy model with
BJ interface condition and defective boundary condition. In section 3, we propose the parallel, non-iterative, multi-physics
domain decomposition method, which uses backward Euler scheme in temporal discretization and finite elements for the
spatial discretization, for the time-dependent Navier-Stokes-Darcy system with BJ interface condition (but without consid-
ering the defective boundary condition). In section 4, we analyze the stability and convergence for the method proposed in
section 3. In section 5, we propose the Lagrange multiplier method in the framework of the proposed domain decomposition
method with three-step backward differentiation scheme for the time-dependent Navier-Stokes-Darcy system with defective
boundary condition and B]J interface condition. In section 6, we provide numerical experiments to validate the proposed
method and illustrate its features. In section 7, we draw the conclusions.

2. The Navier-Stokes-Darcy model

In this section, we briefly introduce the time-dependent Navier-Stokes-Darcy model with Beavers-Joseph interface con-
dition and defective boundary condition.

2.1. The Navier-Stokes-Darcy system with the Beavers-Joseph interface condition

We consider a coupled Navier-Stokes-Darcy system on a bounded domain Q = Qp Qs C R4, (d=2,3), see Fig. 1.
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Fig. 1. A sketch of the porous median domain Qp, fluid domain Qg, and the interface I.

In the porous media region Q2p, let U p denote the fluid discharge rate in the porous media, K denotes the hydraulic
conductivity tensor, fp denotes the sink/source term and ¢p denote the hydraulic head. Specifically, ¢p =z + g—g where
pp is the dynamic pressure, z is the height, p is the density and g is the gravity constant. S denotes the mass storativity
coefficient. Then the porous media flow is assumed to satisfy the following Darcy equation:

U p=-KVgp, (M
S%—I—V-ﬂ)g:fp,te[O,T]. 2)
Plugging (1) into (2), we obtain
3
s% — V. (KVép) = fp, t€[0,T]. 3)

In this article, we assume the media in €p is isotropic and K = %, [1®) =k®I, and T is the identity matrix [8]. In order
to simplify the expression of formulation and the process of proof in this article, we set S =1.
—

In the fluid region Qg, let U s denote the fluid velocity, ps denote the kinematic pressure, f s denote the external
body force, and v denote the kinematic viscosity of the fluid. Then the fluid flow is assumed to satisfy the Navier-Stokes
equation:

8_U)S — — — s
T+(US~V)U5—V'T(US,P5)=fs,IG[O,T], (4)
V.U s=0, (5)

where T(_Ll)s, ps) = ZvD(ﬂ)g) — psI is the stress tensor and ]1])(75) = 1/2(V75 + VT_u)s) is the deformation tensor.
Let T = Qp N Qs denote the interface between the fluid and porous media regions. Along the interface I, we first impose
the following two well-accepted interface conditions:

Us-Ms=—Up-Mp, —ns-(T(Us,ps)- Ms)=Egpp, (6)

where T's and 7 p denote the unit outer normal to the fluid and the porous media regions at the interface I' respectively.
These two interface conditions are for the continuity of normal velocity and the balance of force normal to the interface.
Then the following Beavers-Joseph (B]) interface condition [70] is imposed in the tangential direction on the interface

avd

—7j - (T(Us,ps)- W s)=————=7; - (Us— Up), (7)
Jtrace(J
where 7 (j=1,---,d—1) denote mutually orthogonal unit vectors tangential to the interface T.

Assume that the hydraulic head ¢p and the fluid velocity U s satisfies homogeneous Dirichlet boundary condition except
on T, i.e., ¢p =0 on the boundary aQp\I' and Us=0 on the boundary 9Q2s\I". Assume that the hydraulic head ¢p and
the fluid velocity Us satisfy the following initial conditions

¢ (0, %, y) =¢o(x,y) and Ws(0,xy)=TWox, y). ®)
2.2. The Navier-Stokes-Darcy system with the defective boundary and the Beavers-Joseph interface conditions

Fig. 2 illustrates a simple system with defective boundary conditions. For example, in a simplified typical karst aquifer
system, the free flow is confined in the underground conduit while porous media is surrounding the conduit. The region
occupied by the conduit and porous media are denoted by Qs and Qp, respectively. On the boundary of Qs, we particularly

m
consider I's = dQs\I' = |J S; for the defective boundary condition.
i=0
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Fig. 2. Typical components of a karst aquifer.

The governing equations and interface conditions are still (3)-(7). However, it is often difficult to obtain the velocity data
on I's for different applications, but easier to obtain flow rates Q; on the boundary S; [66,65]. Hence we consider the

m
following prescribed flow rate condition on I's = 9Q2s\I' = | S;:
i=0

/7s~_n)sds=Qi, fori=0,1,---,m, 9)
Si

where the flow rates Q; (also called velocity fluxes) are functions of time.
The other boundary and initial conditions we consider for the model are the same as in section 2.1.

3. The parallel, non-iterative, multiphysics domain decomposition method

In this section, we consider the time-dependent Navier-Stokes-Darcy with BJ interface condition in section 2.1. We will
first present the coupled weak formulation and introduce Robin boundary conditions of the Darcy and Navier-Stokes systems
on the interface I' for the domain decomposition. Then we will present the parallel, non-iterative, multi-physics domain
decomposition method with backward Euler scheme in temporal discretization, whose stability and convergence will be
analyzed in section 4.

3.1. Coupled weak formulation for the Navier-Stokes-Darcy with BJ interface condition
First, we define the following function spaces

Xs={V e[H'(Qs)]? | V =00n3Qs\I'}
Qs =L*(Qs)
Xp={y e H(Qp) | ¥ =00n3Qp\I'}
[*(0,T; Qs) ={$: ¢(t.) € Qs, Yt [0, T])
H'(0,T; Xp, Xp) ={¢: ¢ € L*(0. T; Xp) and aa—(f €120, T; X))}

)
H'(0,T; Xs, X5) = {¢: ¢ € L*(0, T; X5) and B—‘f €130, T; X5)}.

Here X}, and X/S are the dual spaces of Xp and Xs. For the domain D (D = Qs or 2p), (-, )p denotes the L? inner product

on the domain D, and (-, -) denotes the L2 inner product on the interface I" or the duality pairing between (Hééz(l“))/ and
Hg)(/)z (I'). P; denoted the projection onto the tangent space on T, i.e. P, U = Z‘;;} (7 STHT.

We also define the following bilinear forms

ap(¢p, ¥) = (KVep, Vi)a,. as(tUs, V) =20(D(U 5),D(V))as, bs(V.q)=—(V-V,qaqs,
and the trilinear form
Cs(Us, Us, V)=((Us-V)Us, V).

With these notations, the weak formulation of the coupled Navier-Stokes-Darcy model with Beavers-Joseph interface condi-
tion is defined as follows: find (s, ps) € H1(0, T; Xs, X{) x L?(0,T; Qs) and ¢p € H'(0, T; Xp, X},) such that
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—>

U
(7 )Qs+77( g) W)QD+Cs(us, Us, V)4as(ds, V) +bs(V,ps)+ aD(¢D ¥)
- = N - - avy/d — —
V. _h s, N (P, KVép), Py
+(gpp, Vv - ') S< s- Mg ¢)+m( (us+KVep) V)
= 2o Way + (Fs. Viag, YV € Xs, ¥ € Xo, (10)
bs(¥s.q)=0, ¥ g€ Qs. (11)

Here 7 is a scaling parameter. This weak formulation is similar to that of [52], but takes the nonlinear advection and
Beavers-Joseph interface condition into account.

Remark 1. Essentially the well-posedness of the non-stationary Navier-Stokes-Darcy model with Beavers-Joseph (B]) in-
terface condition can be obtained by combining the ideas and techniques in [8] (for non-stationary Stokes-Darcy model
with BJ condition) and [60] (for stationary Navier-Stokes-Darcy model with B] condition). Additionally, there exist other
well-posedness analysis results in [61,63] for the non-stationary Navier-Stokes-Darcy model with the easier Beavers-Joseph-
Saffman (B]S) interface condition. By utilizing the rescaling technique in [8] for the Beavers-Joseph interface condition in the
non-stationary Stokes-Darcy system, the well-posedness analysis results in [61,63], which are based on the BJS condition,
can be also improved to show the well-posedness of the non-stationary Navier-Stokes-Darcy model with BJ condition.

3.2. Robin boundary conditions and the decoupled system

In order to solve the coupled Navier-Stokes-Darcy problem utilizing the domain decomposition idea, we naturally con-
sider Robin boundary conditions for the Darcy and the Navier-Stokes equations by following the idea in [52]. But the Robin
boundary conditions need to be modified according to the Beavers-Joseph interface condition.

First we consider the following two Robin type conditions for the Navier-Stokes equations

av/d
—P(T(Ws,ps)- Ms) — ———P; U s=E&s; onT, (12)
Jtrace(J])
T (T(Us,ps)-Ms)+ Us-Ts=& onT, (13)

for two given functions &s;, & € L2(0, T; L2(I")). Then, the corresponding weak formulation for the Navier-Stokes system is
to find WseH'(O, T; Xs, X%) and ps € L?(0,T; Qs) such that

a Uus
(Ta_‘/))ﬁs +Cs(Us, Us, V)+as(Us, V) +bs(V,ps)+(Us- M5, V-Ts)
av/d —
t————(P: U5, Pr V) = (f 5, V)as + (&5, V - T s) — (50, P V), (14)
Jtrace(T])
bs(U's.q) = 0, (15)
where V V € Xs, YqeQs.
On the other hand, we consider the following Robin condition for the Darcy system
KV¢D~_TI)D + gép =é&p onl, (16)

for a given function £p € L?(0, T; L?(I")). Hence, the corresponding weak formulation for the Darcy system is to find ¢p €
H'(0, T; Xp, X},) such that

(45 Vep + aD(¢D V) + < <g¢D V)= —(fD Vep + (SDJ//%VWEXD- (17)

The Navier-Stokes and Darcy systems with Robin boundary conditions can be combined into one system. Indeed, recall
(5.4)-(5.5) in [60], (3.16)-(3.17) in [17] and (2.14) in [8], it is easy to see that if &p, &5 and &s; are given, then, there exists
a unique solution (¢p, U s, ps) € H'(0, T; Xp, X)) x H'(0, T; Xs, X%) x L?(0, T; Qs) such that

8US —>

! )szs+77( ¢ W)ap +Cs(Us, Us, V) +as(Us, V) +bs(V,ps) + aD(¢D ¥)

av/d
Jtrace(JD

(

+<7s-?s,7~7s>+ g<¢n,w>+ (PrU s, P V)= gm),w)go
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+(Fs. Vas + (6. V - Ts) + g@D, V) — (Ese. P V), Y € Qs. V € Xs, (18)
bs(Us,q) =0, Vqe Qs, (19)
¢p(0) = ¢o, Us(0) = Uo. (20)

Similar to Proposition 3.1 in [52], it is easy to show that the solutions of the coupled Navier-Stokes-Darcy system are
equivalent to solutions of the decoupled system if the following compatibility conditions are satisfied:

av/d
Ep=TUs - Ms+gpp, Es=Us- s — gbp, sy = ———— P (KV¢p). (21)

Jtrace(JD

These compatibility conditions provide the key tool to predict &p, s and &s; on the interface at each time step based on
the results from the previous time steps.

3.3. The non-iterative domain decomposition method

First we present the semi-discretization for (17) and (14)-(15). Suppose we have finite element spaces Xp, C Xp, Xs, C
Xs and Qgy C Qs. Here we assume that Xs, C Xs and Qg, C Qs satisfy the following inf-sup condition: there exists a
constant y > 0 such that

bs(V,
inf M =
0#£q€Qspn 047V eXgp I vilqllo

Define Py : Xp — Xpp and P, : Xs — X, to be the regular orthogonal projections. We have the following regular approxi-
mation capability for them.

IPhe — dllo < Ch"lIllr, ¥ & € H (Q), (23)
1Py T — W llo < CH'IW |Ir, ¥ U € [H (2s)]%. (24)

Then the semi-discretization of the decoupled system (17) and (14)-(15) is to find ¢, € H' (0, T; Xpp), 7,, e HY(0, T; Xsp)
and pj € L2(0, T; Qgp) such that

o
N Uy + 300 @n i) + 3 (88n. ) = ¢ (o Ve + 1 (Eon. Vi) (25)
au
(Th, 7h)95 +Cs(Up, Un, V)+(Up-Ts, Vi1 s)+as(Wp, Vp)+bs(Vn, pr)
av/d -
b (P U, P Vi) = (f 5. Vi)as + (Esn, Vi Ts) = (Esch, Pr V), (26)
Jtrace(])
bs (U p,qn) =0, (27)
¢r(0) = Ppgo, U4(0) = Py o, (28)
where V v, € Xpp, V 7h € Xsn, VY qn € Qsp, and
av/d
Eph=TUnp-Ts+gbp, Esp=1Up-Ms—ghn Esth= ————Pr(KVep).

Jtrace(J

Based on the compatibility conditions above and the backward Euler scheme in temporal discretization, now we present
the following full discretization for the parallel, non-iterative, multi-physics domain decomposition method: at the nth (n =
0,1,2,---,N —1) time iteration step:

1. compute

d
Ts—ggl. £ = ﬂPr(sz) (29)

Jtrace(JD

. s . 0 . .
by using the initial conditions ¢,? = Pp¢po and 7,, = Phﬂ)o, and the numerical solutions ¢; and 72 at ty.

n — —n
Ep=Up-Ms+gop, Eg=Tup-
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2. independently solve

¢n+1 ¢h
At

<f”+l Yn)ap + g@B, Yn), Y Yn € Xph

Ny, + aD(qs"“ Yn) + < <g¢"+1 ) (30)

—>n+l —n

Yn — 1 —>nt1 "

(%, Vh)szs—i-Cs(ﬂ)Z _u)z ,_v)h)-l—as(_u)z V) +bs(Vh, pn+1)
av/d
INTARE O SO PR LA LIRS SN
Jtrace([])
= (P4 Vidas + (60 Vn- Ts) = (€ P Vi), ¥V V€ Xy (31)
+1

bs(_u)z 7Qh) :0, th € QSh, (32)

—>n+1
for ¢+, U and pjt'.

Again, this method is non-iterative for the domain decomposition even though iterations are still needed for the temporal
discretization and Newton’s method to handle time-dependence and nonlinearity.

4. Stability and convergence analysis for the decoupled system

In this section, we will analyze the convergence for the parallel, non-iterative, multi-physics domain decomposition
method proposed above. The major difficulty is to bound the terms arising from the nonlinear advection and the B] interface
condition.

In order to deal with the nonlinear terms, we recall the following inequalities [10,63]: there exists constants C; and C;
depending only on g, such that

VI=CillVvilo,  lIvllps = C2lvl, (33)

where |- | denote the semi-norm of space H'(0, T; X, X/s) and v € Xs. Based on the work in [10,63], we have the following
lemma.

Lemma 1. Assume that both U s and U h satisfy the following smallness condition

VU2 <——Vtel0,T]. 34
Then, we have the estimate
— v
[(Cu ~V)V,w)|§gIIVVIIOIIlelon,WGXs. (35)

Proof. By using Hoélder’s inequality and (33), we have

— — — — v
(T - Vv, )| < [T [[alvllwle < C3IU [vllw| < CFCIVT ol VViolVallo < §||VV||0||VCU||0~

4.1. Stability analysis for the decoupled system

In this section, we will analyze the stability for the parallel, non-iterative, multi-physics domain decomposition method
proposed above. Let Cp, Cx and C; denote the constants from Poincaré inequality, Korn’s inequality and trace inequality,
respectively. We have the stability theorem as follows.

Theorem 1. Assume that « is small enough such that Cla® g%k < C2v2 which implies (Ca—gk C"”)38;k < w

4Ckl)
gk

the scaling

parameter 1 is selected to satisfy (C o g L]

)3 &k == > and the time step size satisfies the following condition:

[(2g4 +4g% +4+2n)vct N Bn+ghct

At < 1.
gk nCyv ] =

Then we have
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N e
||7h||5+n||¢,f||o+2<n P = TRIS + mllgnT — oh D)
4Cy —1)v N ng
o ALV I+ Wmllvd)ﬁ”ll%

0 (4C — v 0 ngk
CeCT(II7hII% + P13 + ?Atnvmné + gmnw{,’n%

?”” 13+ Z 1512

Proof. First, setting vy, = 2At¢>“+1 in (30) and substituting £} into (30), we have
20y = ¢n én e +2nAtaD<¢"“ ¢+ 2natiget ohth
=AY op ey +20AL (U - T s+ ggp. p ), (36)

where S =1 for simplifying the process. By using the fact 2(a — b,a) = |a|?> — |b|? + |a — b|?, the relation K = ¥ and
[T = k@1 in [8,36], (36) can be rewritten as

ankAt

n(op 15 — I + lopt! — o) + IVoR 15 + 2ngAtllgh 13 -
=2At(fpT g ey + 20 AT ”-ns+g¢,, o). (37)

Second, setting v h= ZAt_)”H, qn = 2Atpy in (31)~(32), substituting & and &s; into (38) and adding the resulting
equations together gives

1 1 1 1 1 1 1
2(—u>2+ _—>,r1l’—>n+ )+2AtC5(_>n+ 724- —>n+ )+ 2Ata 5(72—&- ’7Z+ )
I N O I PR A ) +2At,3<13, wnt P,?Z“)

=2At(FT TR 2An(T ) Hs—gel. T TS

—2ALBP KV, Pr T ), (38)
_ auﬁ . _ _ 2 _ 2 _ hi12
where g = Jirace (D" By using 2(a — b, a) =|a| |b|“ 4 |a — b|*, we have
n+1 n+1 n+1 n+1
I, 13— 1R+ 1T = T3+ 2AeCs (U, Uy L Uy )
1 1
+2atas(d U 4280 TR T sIZ p+ 2481 P U R (39)

=2At(FTH TP 2An(T ) Rs—gol. T T s) — 2AL(BP(KVD), P T 1),

Adding (37) with (39) and using Korn’s inequality, we have

n+1
I, I = 1R+ 1 = T3+ 0P I2 — 1of 12 + o8t — o 112)
1 kAt

FACALIVT T2+ ng IVerti3

n+1 n+1 n+1 n+1
< 2AtCs(Uy, Uy LUy )= 2At)U Y - Tsl3 - 2ngAtlgprtg
2va At +1 +1
=z 1P 2 r 4 280 CF L TR 4+ 2nAn(fRH, ot

F2NAHT - Ts+ gof ol ) + 20T - T s —gpl, Uy - Ts)

—2AL(BPL(KVP), Pr U p ), (40)

where C is the constant from Korn’s inequality.
For the force terms on the right-hand side, using Holder, Poincaré and Young inequalities, we have

—>n+l n+1 —n+1

)< Gad| VI 2+ 2T

pnvAt

2AtCF TR Fanar(it g

k
+IBEL gt |12 + I3, (41)
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where Cp is the constant from Poincaré inequality.
For the nonlinear term, by using the Lemma 1, we have

—n+1 —n+l —>n+1 —>n+1
2AtCs (U, Uy )<—IIV I3

For the interface terms, by using Young’s, Holder inequalities and trace inequality, we have

—n+1 2, —>n+1 —>n+1
2AL Uy - sl p < 2T oV ) llo
—n+1 C —n+1

< VALV, ||0+C—At||uh I3,

2ngAtllgptIE - < 2ngCEAtlgr ol Ve o

ngkAt 4nng

+1 +1
Vo™ 15 + llph ™15,

2
—n — -+l — —n 9 —n+1 9 g 2
2AE(U - s—gdy, Uy -Ms)< Af(all Uplor+2elluy ligr+ —|I¢ﬂllo,r)

llo)

C? _n 2 =+l —nt1 gz ct
<At(g|lu wloll VT hllo +261C2 Iy ol VT

< At v T2 ct At T E]Q —>n+l
=< (Z” uh”0+2€162 |l u h”0)+ (6152” up ||o+ ||0)

0)
where C; is the constant from trace inequality. Similarly, we have

AU - T s+ gofl, o)

€2 g
AL VRl +

4
< nAt(—nv ULl + o || U plI3) + nAt(eseall Vol 12 + 8 ||¢”+1 12)

ri3)

For the last term in the right-hand side, by recalling [36], we have

€4 g'c
A5 IV +

2AL(BPL(KVL), Pr 1) < 20 gVRALC |Vl oV ||

2452

C3a2g%k
< CAL VT L8

lo

At|VoP3.

k
Combining (41)-(47) with (40), we obtain

||""+1 I w

12— 1T p12+1d B+ 02 — o813+ lor T — or12)
—n+1

Cov— Y — e AtV (S AVTTR
+( V=g 1€)ALV |13 (2 +772€3) IV Ll

3ngl e € € Cla’g?k

——— —ne3zeq)At||V —(— ——— ALtV
+( neses) At Vo2 (e + 15 + ck )ALIVORIZ

2
€1 +1
||f"“||o+ ||f"“||o+(—‘+ P

417ng4 ne3c ct r]C gict  ngict

F(—=—L >At||¢"“||o+< AL TRE + (B LyAtlarz,

k
Then, by choosing appropriate €; (€1 = 1/ﬁ, €= Cxv/v/2, €3 =1, and €4 = gk/4v), we can obtain

2€1€3 26 €4 2€1€) 2€3€4

+1
IS T RN I P n(nqzs"“u0 o3 + llg ™ — i 112)
+1 Cyv 3ngk gk
+(CkV——)At|IV7: ||0—(—+7’)—)A[||Vuh”0+( _n_)At||V¢n+l”0

Ck gk Cla?g?k N2
(K S SR Ay
( Ng, T Cov YAt Vey o

(43)

(45)

(46)

(47)
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C127 Zn+1 n+1 4 C —n+1
=— Cov W + ||f I3+ (— + —)AfH e
angvC 4;7 2nvC n
+H(——+ )At||¢"+‘||o+ Ly L)AL I3
k Cyv k
4,4 3
g*C;  2ng th a2
— )AL . 49
+( Cov + X )Atllpllg (49)
4
In order to use discrete Gronwall’s inequality, we need Cyv — ¥ > %Y 4 2k ang sk _ ek > o 4 ek | & ‘gszzk
which lead to
(Cf‘azgzk Ckv) 8v 4Cv% — 2v2 (50)
Cxv 2 "3gk — =n= gk

In order to make sure the feasibility of (50), we assume « is small enough such that Cfazgzk < C,fv2 which implies
Cla®g?k 4G < 4G? 721) Qg*+4g>+4+2mvct | Gn+ghct

W )3 T = . Then 7 is selected to satisfy (50). We also denote C = , then

gk nCxv
sum (49) from n _0 to N — 1 such that
N
1Ty 115 + nllep I + Z(n*"“ dhlo+nllgp™ —ohlI)
V
H(C — ALV 12+ —Atnwﬁ“n%
4 2v
N
~ 0 v 0
AEY ST I+ RIS + 17T 1 + nlIRIE + (Cev = DALV 4G
ngk s
+ ALV + C Z IFE g+ Z 15 s (51)
kv n=0
It follows from discrete Gronwall's inequality that when CAt <1,
N-1
%
TR 13+l 13+ > AT I = T2+ nllgpt! - of12)
n=0
(4C, — v N ngk
F KT AV 12+ 225 AL VN I
4 2v
0 (4C — v 0 ngk
”[nﬂ)hné + n||¢>,‘3||% - Tmnvmnﬁ + =, AtV
15 | At Z L5 I5)- (52)

4.2. Convergence analysis for the semi-discrete solution

We will follow the well-known framework of energy method to analyze the convergence of the semi-discrete solution
[75-77]. The major difficulties in the analysis are caused by the nonlinear advection and the Beavers-Joseph interface con-
dition. Let C be a generic constant independent of h and At, whose value might be different from line to line.

Assume Xpp and Xgp consist of piecewise polynomial of degree k and Qs; consists of piecewise polynomial of degree
k — 1. For the analysis in the Navier-Stokes-Darcy system, we introduce the projection operator P = (IP1, IP;, IP3) : Xp x X5 x
Qs — Xpp x Xsp X Qgp, such that for any ¢ € Xp, T e Xs, p € Qs, and a rescaling constant 7, for V ¢, € Xpp, V 7,, € Xsn,
and V qp, € Qsp, the projection satisfies

nap(P1p — ¢, Yn) +as(Po i — U, Vi) + (gP1p—¢), V- Ts) —n((P2W —U)- T s, ¥n)

+B(Pr (P2 U —U) +KV(P1gp — ), Pr Vi) +bs(V iy, P3p — p) =0, (53)
bs(Py W — U ,qn) = 0, (54)
where 8 = _avd_ gimilar to Proposition 4.1 and Proposition 4.3 in [7], we have the following properties for the projection

Jtrace([D *

operator P.
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Lemma 2. For any Te Xs, p € Qs, we have

- -
IP1¢ — Pllrao,r;u1) + IP2 U — U llpago,r;u1) + IP3P — Plliaco,1:12)

< Ch" Y (I1llLao, ;1) + 1T llLao, ;1) + IpNa.1:m-1y)> 4> 1 (55)
IP1¢ — Sllraco,r;12) + IP,0 — lLaco.:12) + hIIP3p — plitaco,r:12)
< Ch™(Ipllao.:1m) + 1T lleao,rmy + 1PN, 1)) @ > 1 (56)
My Mg CLTEN LT amp amp
P 187 - 5¢m ||L2(0 T;HY) + 1P 5pm - 5em ||L2(0 T;HY) +IP3—— atm 5pm ||L2(o,T;L2)
< Ch (l¢llmq.r:0m) + 1T 1m0, 7:m) + 1PNl gm0, . r-1y) - M = 0. (57)
My Mg CL T LTS amp  9"p

I l_atm aem l120,1;12) + 1P aem  gem —m l20,1:12) +hiPs——- otm otm l20.7:12)
—
< Ch" (llgllm o, ;1) + 1T 1m0, 7317y + 1PNl gm0, 7:pr-1y) » M >0 (58)

Then, the error estimates for the semi-discrete approximations are given as follows.
Theorem 2. Assume that ¢p € H' (0, T; H'1(Qp)) and U's € H'(0, T; [H™1(Q25)19). Then

- - —
lgn —dpllo+ 1w — U sllo < Ch" (I llw1 0,7 r+1 (20 + I sllg1 0,71+ 2501 »

where 0 <r <k + 1. Here k is the degree of piecewise polynomial of Xpp and Xs.

Proof. Taking v = v, € Xpp, in (17), plugging &p into (17) and subtracting (25) from (17) and setting S =1 for simplifica-
tion, we have

9¢p — I
H(T’ Yn)ap + nap(ép — ¢n, Yn) + 1{(g(Pp — Pn), Yn)
=n((Us—Tn) - T s+8(@p —dn), ¥n), ¥ ¥ € Xph. (59)
Taking V= 7h € Xsp and q =qp € Qs in (14) and (15), plugging &s and &s; into (14), and subtracting (26)-(27) from
(14)-(15), we have

IUs—Un —

(T, Vh)QS+CS(uS_ Up Us, Vi) +Cs(Up, Us—Up, Vi)

+as(Us— Un Vp)+bs(Vh,ps—pn) —bs(Ws— Un,qn)+ (U s—Up)- s, Vi-Ts)

+B(Pr (Us—Un),P: V)

=((Us—Up) - -TMs—g@p—dn), Vi fs)— (BP(KV(dp —n), Pr V). (60)
Define

0 =Pi1¢p —n, p=¢p —Pi1¢p. (61)

Then we can split the error ¢p — ¢, =6 + p. Define

—
1=PUs—Up Pp1=1tUs—PUs, bo=P3ps—pp p2=Dps—Psps. (62)
Then 75—7,1:71 —I—,_O)] and ps — pp =62 + p2.
Plugging (61) and (62) into (59) and (60), we have

3(91+,01) - 90+ p)
(77 e 5+77(—t

— - —
+Cs(F 1+ B 1. Us. Vi) +Cs(Wn, 61+ 5 1. V) +0(gO +p). ¥n)
— —
HT 1+ B0 Ts, V- Ts)+ 80P (14 B1). Pe V) +bs(V 1,62+ p2) (63)

—>
Yn)ap +as(6 1+ P 1, V) +nap@ + p, ¥n)

- —
—bs(€ 1+ P 1,q9n)
=B 14+ B0 Ts+80+p) . yn)+ (B 1+ B 1) Ts—gO+p). Vy Ts)
—(BP(KV(0 + p)), Pt V).
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where 7 is the rescaling parameter. By using (53) and (54), we obtain

8(01+p1) a0+ p)
(T )s+77(—t

— —
+Cs(91+71, Us, Vi) +Cs(Uhp, 91+/_0)1,_V)h)+(g9,7h'75)

— — —
(6 1- T s, ¥n) +B(Pc 01, Pr V) +bs(Vn,62) —bs(6 1,qn) (64)
= —(BP-(KVO, Py V).

- =
Yn)ep +as(0 1, V) +nap@, ¥n)

Choosing v, =0, 711 :5)1 and g, =6, in (64), we can get
Xl 96
1 - - - — —
(= O o5 0G0 0ap +as(0 1,6 1) +nap®,0)+Cs(F1+B1,U's, 01)

— — — — — —
+Cs(Un, 01+ 81, 01)+(g0, 61-Ts)—n(61-Ts,0)+B(Pr(61+KVO),Pr6 1)
3,01 —

=—(——, 0 Da; —1(

ap
2 0g..
at )2

ot
Since the estimates of p and ,_0>1 are given by Lemma 2, 6 and 5)1 are the main objects of the analysis. Hence,
ndlel3 | 1di6 3
2 dt 2 dt
—
+B(Pr (0 1+KV0), Py G 1)

—> —
+nap©.0)+as(61. 01)—n(B1 THs.0)+(g0. 01T s)

— — — = ap 081 —
=—Cs(014+P1,Us, 61)—Cs(Up, 614+ 01, 6 D=1 00, = ( 8’;1, 0 1) (65)

971

— — — — 0 —
<ICs(F 1+ B0 T s, @ 0l +1Cs (T T 1+ B0, 8 Dl +m1= lollelo + 1= ol € 110

By using the (34) and (35), the Holder inequality and the Young's inequality, we can obtain the following conclusions for
the nonlinear terms:

— — v — Vv —
ICs(B1, Us, 1)+ Cs(Up, B1, 61)| < §||V7>’1||o||v 0 1ll0 + §||V71||o||v 0 1llo

v —
=21V B 111V 6 1o

v — v

< SIVOs+5IVAIG. (66)
— — - = V — V —>

ICs(6 1, Us, 61)+Cs(Up, 61, 01)|< Ve 113+ Ve 113

A

vo_—
=4IVl (67)
By plugging (66)-(67) into (65) and using the Young’s inequality and Poincaré inequality, we have

d|o113 L 4ol 7 d|l 613
dt dt
—
+26(Pr (61 +KV6), P 6 1)

%
+20ap®,0) +2a5(61, 0 1)—2n(01- T s.0) +2(g0, 61T 5)

3v _— — 8p1
sznvmu%mnenéwelné IIVp1I|o+n|| ||0+|| I3

By (4.2) in [8], we can obtain the following conclusion to treat the BJ interface condition for small enough v and large
enough 7n:

- > —> — —> —
2nap(0,0) +2as( 01, 0 1) —2n{ 0 1- 115,0) +2(g0, 6 1- 1 s)
— —
+2B(P (0 1+KV0H), P 0 1)
v, _— 5 2 — 5
ZZHV@1||0—C3||9||0—C3||91||o

where C3 > 0 is a constant. Hence,
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—
d|el . dll 61115
dt dt

<ColeN3+16 113 + || ||o+ || |Io+ IVB11I)- (68)

Integrating (68) from O to t and apply Gronwall’s inequality, we get

2 = 2
nie®llg+16 1®lg

t
— 0B1 5
=c[nle@13+19 1(0)||%+/ <||||0+ 1= I+ 1vD 1||0> ds]
0
Then by Lemma 2, we finish the proof.

4.3. Convergence analysis of the fully discrete approximate solution

The following theorem states that the first parallel non-iterative domain decomposition method is unconditionally stable
and has optimal rates of convergence.

Theorem 3.If ¢ € H' (0, T; H2(Qp)) N L0, T; H2(Qp)) N H2(0, T; L2(Rp)), U's € HI(0, T; HX(Qs)) N L0, T; H2(Qs)) N
H2(0, T; L%(Qs)), £p € H'(0, T; L2(T)), and &s € H' (0, T; L2(T")), then

lof — ép (rn>||o g 7s(rn>uo

”Ar /n e ||odt+f||—||ordt

/u S o dt +/||—||0rd +/||—||1dt
i 3D T 0T

Ce€Th? / 2y dt /— dt

eTh?[ [ 152l de+ [ 19212
0 0

+ max ¢p(©)ll2 + max (ITs()lz+pss)lh) | (69)

Proof. We follow the standard energy method framework [76,75,77] to analyze the error of fully discrete approximations.
For the Darcy part, taking v = ¥, € Xpp, in (17) and subtracting (17) from (30), we have

(¢”“ ¢ 3¢p(tar1)
At ot
+n(g(¢>”+1 ép(tn1)), ¥n) = n(Ep — Ep(tng1). ¥i) Y ¥n € Xph. (70)

We can define 6" and p" as follows,

JUn)ep +1ap @) — ¢p (s, Vi)

0" =¢p —Pigp(tn) and  p" =Pi¢p(tn) — ¢p(tn). (71)

so we can get ¢ — ¢p(tn) = 6" 4 p". Here, p" is bounded because of Lemma 2 and we can get the similar estimates like
(6.29) in [52].

10 lo < Ch2llpp (t) 12 (72)
Define

T =T P s, Bl =P U st — Tsta), (73)

63 =pp —P3ps(tn),  p3 =P3ps(ta) — ps(tn), (74)

then Tfh -7 s(ty) = 6 + 1 and py — ps(ta) =65 + p5. From (6.35)-(6.36) in [52], we can get the estimates about ?’i’
and pj.



14 C. Qiu et al. / Journal of Computational Physics 411 (2020) 109400

I3 lo +hITB il < CRAAIT s(tw)ll2 + IIps ) l11) (75)
1p51l0 < CH2(1 T s(tn)ll2 + 1Ps (Ea)l1). (76)

Also, we have the following relations for the approximations of the coupling functions. Subtracting &p in (21) from (29),
we have

%
gh— ot =(01+781) Ts+g(e"+". (77)
Define
t — t d t
Wit = Py (‘bD( ”“)At 2l ")> - ‘z’D;t““), Wit = £p (tns1) — Ep(tn) (78)
Then, (70) becomes
9n+1 _ 9” 1 1 1 1
(> Yap +1ap @™+ p" g + (g @™+ p"), )
—
=W Y + (0T + B - T s+ g0+ p"), vm) — n(WET Yn), ¥ ¥n € Xph. (79)

For the Navier-Stokes part, choosing V= 7h € Xgp in (14) and q =qp € Qsp in (15), then subtracting (14) and (15)
from (31) and (32) separately, we obtain

—n+l  —n —
up —Uh_aus(tnﬂ)—)

1 1
( » Ve +C5(7Z+ —7s(fn+1),7g+ — W s(tns1), Vi)
At at
+1
+as(72 — W s(tns1), V) +bs(V, PZH — ps(ta+1))
1 1
(T3 =T snsn)) - T, Vi Hsh+ 8P (T4 = T sttarn) . P V)
= (8 —Es(tas1), Vi~ T 5) — (8, — Ese(tng1), Pe V p) (80)
1
bs(Ty" — T s(tas1). qn) =0. (81)
Subtracting &s in (21) from (29), we have
ﬁ
Eg‘h—ss(tn)=(0’}+_p”})75—g(9”+p”)- (82)

For the special treatment for BJ interface condition, which is one of the major difficulties, we have

EL — Est(tns)
=BP: (KVep) — BPr (KVép(tns1))
=BP: (KV (¢] — ¢p(tns1)))
= BP: (KV (¢ — P1¢pp(tn) + P1¢pp (tns1) — ¢ (tas1) — P1dp (tag1) + P1gpp (tn)))
=BP (KV©O" + p"! — (P1¢pp (tas1) — P1p (tn))) - (83)

—
We can define the W', wi'! as follows

Py

— — —
U s(t — U s(t ad £
Wit = p, ( s( n+1)At s( n)) _du sa(tn+1) (84)
Wit = Es(tnt1) — Es(tn). (85)
Then, (80) and (81) becomes
— —
gl _gn — +1 =
(—! L Vias +Cs(6 1 + B0 ", 0

At
— — —

+Cs (W s(tnsn), 6577+ 77, 65 +as(0 5 + 37 Vi) +bs(Vi 037 + 037

—
H(TT+ BT s Vo T + P (T4 + B P V)

N

=Wt V) — Wit V) + <( 617 +_P)'f> s —g(0"+p"). Vi)
—(BP (KV(0" + p" — (P1¢p (tns1) — P1gpp(tn))), Pt V), (86)

—
bs(6 1T+ B gp) =0. (87)
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Combining (79) and (86)-(87), we can get

9n+1 —_pn Zn+1 _ ?n

1 1 = = n+1 1 =+l g
U(T,Wh)szp+(T, Vias +Cs(6 0T+ a0, ™ gt

— — —
+Cs(W s(tngr), 6 T+ B0 61 4 nap @™ 4 " g +as (61T 4 B

—_
P15 Vh)
—
+bs(Vh, 08 4+ o8t £ bs (60 M+ BT gy + (g (0™ + p"), )

— —

H(T B T Vo W)+ 5P (677 +BT) P V)

)= (w3t um)

F((F T+ B Ts+80"+ 0", ) + (1 +51) Fs—g(6"+0"). Vo Ts)

—(BPLKV (0" + p"1), PV ) + (BPKV(P1p (tat1) — P1dp (tn)), Pr V ).

n+1 —>n+1 — n+1 — =
=—nwi,Yp) — (W3, V) —(w, , V-1

Before using (53)-(54), we need to add some terms on both sides in (88) as follows.

— —
ontt —gn m_gn Zn+l | =il il g
N5y ¥wap + (——— Vies +Cs(0 T+ BT g1th

s Up
— — —
+Cs(W s(tngn), 67+ B 6T £ ap @™ + o™ yp) +as(6 1T + BV

+ 07, V)
+bs(V p, 051 + pitT) +b5(7’}“ + B g+ (gp"™, V- T s)
(B s ) + (BT T s+ 20" + 0", y)
(T +B) T s —go™ L V- W)+ 8P (65 +B1) PV )
=W yn) — (WETL Vi) — (Wit VT s) — n(wh )
+((F T+ B Ts+80" +o", ) + (1 +51) Fs—g(0"+0"). Vo7 s)
—(BPrKV(O" + p"), Pr V 1) + (BPr KV (P1¢bp (tnt1) — Prp (n)), Pr V ).

By using (53)-(54) and setting v, = 0", V= 7'{“ and g, = 65", we have

(0" Dy + (o T g 4+ Cs (1 4 B Tt
+Cs (W s(tn), 07 + BT £ nap@™+, 0™ +as (97,91
+n<7)>r11+1 .75 + g™ +pn+1)’9n+1> +/3(Pz7'11+], Prjqﬂ)

(T B T s — gp™ !, G W )

— _n(wllﬂ—]’gn-&-l) _ (VV)g-H! 7:11+1) _ <WZ+]! 7:11+1 .7:;) _ TI(WQH,@“H)

F((E T+ B Ts+80"+p", 6" + (61 +71) Fs—g(e"+p"). 65 Ts)

n+1 n Zrn+1 _ ?n

—(BPKVO", PL Gy + (BPKY (P16 (tap1) — P1op(ta)), Py 6 1),

15

(88)

In order to make use of (4.2) in [8] to deal with the difficulty from the BJ interface condition, we need to add some terms

on both sides of the above inequality to re-write it as follows.

— —
n(en_HA;t_en, 9n+1)QD + (W, ?q-&-l)ﬂs + naD(enJrl, 9n+1) _|_as(§>111-4—17 71]1+1)
(g™ G ) — (6T s, 0m) 4 BPL (61 K VO™, P, 6 )
< _n<7:]1+1 .75 +g0n+1’0n+1> _ n<'—0>r]1+1 _—n>S +gpn+1’9n+1>

_(?rlwl T — g™, grlm '75) . (7:11“ T _gp™, ghlm '_n)s)

HCs(F T 4 B T 4 Cs(T s(trrn), 61 4+ B G
—n(WiHT 6mh) — p(witT 6m ) — (WL — (Wit T T )
(G} T s +g0" 0" ) + (B T s +gp"0m)

— — —
0T s —go", 0" W)+ (P Ts—go" 61T s)
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+B(PKVe™H, P,?'}“) — (B8P KV6", Pr?}“)
—
+(BP: KV (P1¢p(tns1) — P1p(tn)), Pr 6111,

By using the Schwarz inequalities and Young inequalities, we can get
Zn+l | = 1
n(oy s+ gomt oM ) < [ 1G53 -+ 2es16m 2 + ||e““ I, ]

2
g
n(BI s +gp™ oM < [ 1856 + 2€200™ G + - ”*‘nor}

— —

(61T g—gomt g1t ) < || G2 263 6T + ||0“+1 13-
—=2>n4+1 = n+1 _>n+l —> —>n+l —n+1 g2 n+1

(B s —gp"t, g s) < || 13+ 220 6 T3 -+ ol I3 s
-n - n an+1 n n

n(eh-ms+go" 0" <n [—II91IIOF+263||9 ||0r+ ||0 ||0r}

1 g
nBh-Ts+gp" 0" <n [gnﬁ’;né,r + 260" - + 5up"||é,r] :

2
-n = 2T+l = 1 =50 412 g 2
(67 -ns—go", 67 -nis)<—6"1or+2€l 67 lgr+ =I16"15,r
€3 €3
2
—n — el = 1 0 = n41,2 g 1,2
(Py-Ts—gp", 671 ﬂs)igllp'{'llo,r+2€zll9 i II(),r-i-gll,O"+ I6.r

By using the above inequalities, we have

— —n
gntl _gn gl _gn —n — —
0" ey + (- T Day +nap @0 +as(65T T

Hgo™ T R ) — (B s, 0" + AP (1 + KveTt), g M)
— +1 —> —
<|Cs(O T + B, 9"“)|+|cs(us<rn+1) Gl p g

n(

[ ||9"“||0F+2e3||9"“||0r+ ||9”“|| }
—> 1 1 gz 1,2
n[ T -+ 2e2010" IS -+ o S )p"t ||0,r} (90)
1 1 1 g 12
[ 162 0+ 26306 2 - + ||9"+ ||0,r}
g
[ *"+1||0r+262||9”+1||0r+ ~lp 2 }
+1 ||w”“||0+el||0““||o]+ ||*"+1||0+a||9”“||0+n[ ||w"“||0,r+ez||9”“||5,r]
— — g
LW R+ el T 4 [—n 6 115, +2e3 10" G + 16" ||%,r]
e €3 €3
2 2
g 1 —> — g
+1 L—n‘ﬁ?né,r +2600™ )2 -+ —||,0n||%,r} + [—n 01118 - +2€30 6 TG+ —||9"||5,r]
2 €2 €3 €3
1 —> g2 —
+ [gnﬁ';u%,r +26) 6 TG L+ o e ||5,F] + B(PKVO"™ P g1t
n = n+1 = n+1
—(BP:KVO", P; 6 1Y) + (BPLKV(P1¢p (tn1) — P1gpp (tn)), Pr 6 111).

Now we need to handle the difficulties arising from the nonlinear terms and interface terms. For the nonlinear terms in the
above inequality, we follow the idea of (66)-(67) in semi-discretization analysis to obtain the inequalities as follows.
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Also, by trace theory and Young's inequality, we have the following estimates for interface terms.

c[1
16" 3 < CO™ oV o < 5 [S—ne“” ||5+84||ve”“||3]

C
G2 < CIE T oI Ve o < > [—n 9“+‘||0+s4||v0“+1||0]

C
16"I5+ < Cll6" ol VO llo < 5 [*II9”||0+€4IIV9"IIO]

—n2 —n —n C
1015 < ClHOTlollVEilo < 51z —|| 01||0+54||V01||0

Similar to the proof of (4.2) in [8], we have

B(PKVO™ !, P 6 )| 4 |B(P(KVO™), P, 6 1)
+H(BPKY (P16hp (tns1) — Prgpp (ta)), Pz 6 11|

< Gl VO™ oV E T o + Cevl VO™ 101V 8 T+ g
+CvIV(P1¢p (tns1) — P1¢p (tn))||0||V5>’11+1 llo

thy1

AtC AtCgv
- /IIV¢Drllodt

kl}
||ve"+1 12+ vz 4 5 ——IVO"|I§ +

where Cj, is proportional to vk and (4.13) in [36] is used in the last step.
Hence, multiplying (90) with 2At and using the above inequalities, we have

— — — —
nl™ G — nlle™ 5 + 116 §HIG — 116 115 + 2nAtap @™+, 6™ 4 2Atas (65, 67
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17
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Based on the above preparation for the treatment of BJ interface condition, we can utilize (4.2) in [8] to advance the proof
as follows. For small enough v, we can choose €3, €3 and €4 to obtain
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Then, substituting (95) into (94), we have
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- . . —

Setting € = C(1+'7)§‘;+C"”E3 ¢ = C(lg")e“, then we can consider the special norm nl|o"[2 + || 6 7[13 + eAt]|VO"|3 +
- — . . . .

EAL|V O '11||0 (n=1,...,N) for the discrete Gronwall’s inequality as follows. Summing from n =0 to N — 1, we have
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nloNIE+ 16 Y113 +eac|veN | +eac|va
— - —
<A+ CAONMIOONE + 1613 + et Ve° |3 +eatv e g1

N-1
i j+1 1 1 1

+CAE Y A+ AWl B + 1w+ Wi IE - w T

j=0

1 1
HIBT R+ 1o R+ 1B+ 10 B+ IV I3

N-1
+CALY (1 +CADIIT 2+ 176 12

j=0

N-1 Lt
+CA > (14 ALY / IVép cllp dt

j=0 tj

— . —
= CeCT[nl6°N3 + 16 915 + €At G 917 + earlo®)}
it
1 1 1 1
+ArZ(||w’+ 13+ 1w 2 e+ 1w+ wy ||0,F+Atf IVep.cl§ dt
tj

1 1

BB e+ 10 B e+ 1B IR+ 10713+ IVE]TI3) | (96)

Then by Lemma 2, we complete the proof of (69).

5. The Lagrange multiplier method under the framework of domain decomposition for Navier-Stokes-Darcy system with
the defective boundary

With the foundation built up in the previous two sections, in this section we propose the Lagrange multiplier method
under the framework of the parallel, non-iterative, multi-physics domain decomposition for the Navier-Stokes-Darcy system
with the defective boundary condition. Based on the weak formulation with Lagrange multipliers, we utilize the three-step
backward differentiation scheme for the temporal discretization and finite elements for the spatial discretization.

First, we present the following coupled weak formulation with Lagrange multipliers for Navier-Stokes-Darcy sys-
tem with the defective boundary which is defined in section 2.2: find (75,p5) € H'(0, T; Xs, X5) x L%(0,T; Qs), ¢p €
H'(0,T; Xp, X)) and A = {A;(O}", € L2(0, T)™*! such that

—
(%vmﬁm w>gD+Zx(r>f V Tsds+Cs(Us, Us, V) +as(ds. V)
+bs(V, ps) +n/Sap(¢p, ¥) + (8¢p, V -7s>—n/5<7s-?s,w>

N av/d
Jtrace(JD

=1/S(fp.Wap + (Fs. Vg ¥V €Xs. ¥ € Xp, (97)

(Pr(ﬂ)s +KVé¢p), P‘[_V))

m m
Zui(t)/7 T sds+bs(Ws,q) =) 1iQi, ¥ g€ Qs, =i} € L0, T)™ .

i=0
For the problem (97) to be solvable, the following compatibility conditions must be satisfied [64]:
[ToTsas=0@,  i=0.1.m (98)
Si

Second, based on the Robin boundary conditions (16) and (12)-(13), we propose the following decoupled weak formula-
tion with Lagrange multipliers for Navier-Stokes-Darcy system with the defective boundary: for V VeXx s,V qeQs,
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3
n(%, V)ap +1/Sap(¢p, ¥) +n/S(gdp, ¥) =n/S(fp, ¥V)ap +1/SEDp, ¥), ¥V € Xp. (99)

— m
(L;ts,_‘;)szs +Z)~i(t)/7 ‘TMsds+Cs(Us, Us, V)+as(Us, V) +bs(V,ps)

i=0 S;
Jvd
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i=0 S; i=0

Furthermore, compared with the backward Euler scheme for the temporal discretization in section 3.3, we utilize the
three-step backward differentiation in order to improve the accuracy of the temporal discretization from the first order to
the third order. The spatial discretization is still effected by finite elements. The full discretization scheme of the Lagrange
multiplier method under the framework of the parallel, non-iterative, multi-physics domain decomposition is defined as
follows: At the nth(n=2, ---) step, set

d
s gl &l = ﬂm(ﬂ&w) (102)

Jtrace(J])

n — —n
=T -Ms+gpp, &d=Tuy-

and then independently solve

11 n+1_18 n49 nfl_z n—2
n( i P+ 9% i S Un)ap +1/Sap @ yn) +n/S(gr T )

6At
=n/SUM Yn)ap +n/SED, Yn). ¥ Un € Xph, (103)
_ _2 m
nwy 8wy 9wy 2w i [— =
( 6t ,Vh)szs-i-z)»,- Vi Tsds
i=0 S;
HCs(u AT Vi +asl T V) +bs (Vo pp Y+ (U s, Vi Ts)
avy/d
I
Vtrace([])
—
=(fU Vs +(EL V- Ts) — (€8, Pc V), YV Vi€ Xsn (104)
m m
+1
ZM?+1/_V)h~_n)sd5+bs(7z cam = 1t Qi Y gn € Qsn, p T € R (105)
i=0 5; i=0
for A1 (i=0,---,m), ptt, 72“, ppt! and ppt.

6. Numerical examples

In this section, we will present two examples to illustrate the features of the two algorithms proposed in section 3 and
section 5.

Example 1. Consider the Navier-Stokes-Darcy model in section 2.1 on the domain = [0, 1] x [—0.25, 0.75], where Qp =
[0, 1] x [0,0.75], and Qs = [0, 1] x [—0.25,0]. Choose ¢ =1, v=1, g=1, z=0, and K = kI where I the identity matrix
and k = 1. The boundary condition functions and the source terms are chosen such that the exact solutions are

¢p =[2 — msin(@x)][—y + cos(mw (1 — y))]cos(2mt), (106)
Us=[xy*+e?, —%xyg +2 — wsin(wx)]  cos2mt), (107)
ps = —[2 — msin(rx)]cos(2m y)cos(2mt), (108)

which satisfy the interface conditions (6)-(7), including the Beavers-Joseph interface condition. The Taylor-Hood elements
are used for the Navier-Stokes equations and the quadratic finite elements are used for the second order formulations of
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Table 1

Errors of the first non-iterative DDM with backward Euler for At = 8h3.
h llun —ullo order  |up —uly order  |Ipn —pllo order llgn — #llo order  |¢n — ol order
1/4 3.0184 x 1072 - 6.2839 x 107! - 2.6888 x 107! - 2.6574 x 107! - 6.2396 x 107! -
1/8 3.7366 x 1073 3.01 1.6705 x 107! 1.91 2.8863x 1072 3.21 3.7408 x 1072 2.83 1.0425 x 107! 2.51

1/16  4.6077 x 10~ 3.02 4.2861 x 1072 1.96 3.2376 x 1073 3.15 4.7426 x 1073 2.98 1.9657 x 1072 2.40
1/32 5.6977 x 1072 3.02 1.0812 x 1072 1.99 3.7882 x 104 3.09 5.9374 x 1074 3.00 4.4097 x 1073 2.15

Table 2

Errors of the first non-iterative DDM with backward Euler for At = h.
h [lup —ullo order [up —uly order lpn —pllo order llén — @llo order [én — B4 order
1/8 2.8012 x 1072 - 4.0061 x 107! - 5.0047 x 107! - 2.5251 x 102 - 1.4670 x 107! -
1/16  1.0208 x 1072 1.45 1.2970 x 107! 1.62 1.5062 x 107! 1.73 1.5081 x 1072 0.75 7.5080 x 102 0.96

1/32 41315 x 1073 1.30 4.6703 x 1072 1.47 5.6933 x 102 1.40 8.4446 x 103 0.84 3.9880 x 102 0.92
1/64 1.8419 x 1073 1.16 1.9169 x 102 1.28 2.5420 x 1072 1.16 4.4881 x 1073 0.91 2.0805 x 102 0.94

Table 3

Errors of the non-iterative DDM with three-step BDF for At = h.
h llun —ullo order [up —uly order llpn — pllo order llgn — dllo order |én — ¢l order
1/8 4.8057 x 102 - 7.4713 x 107! - 8.0323 x 107! - 6.2662 x 1073 - 7.9365 x 102 -
1/16 2.9286 x 1073 4.03 4.5974 x 1072 4.0 5.1411 x 1072 3.96 7.2423 x 104 3.11 1.8559 x 102 2.09

1/32 2.2501 x 1074 3.70 3.5787 x 103 3.68 3.6113 x 103 3.83 1.3492 x 10~ 2.64 4.5594 x 103 2.02
1/64 1.9783 x 10~ 3.50 3.9761 x 10~ 3.17 3.7601 x 10~ 3.26 1.9332 x 1072 2.80 1.1335 x 1073 2.00

the Darcy equation. Newton iteration is used to deal with the nonlinear advection. In the following, we will provide the
numerical results at T =1 for the algorithm in section 3.

Table 1 provides the numerical solution errors with At = 8h3. We can find the non-iterative domain decomposition
algorithm is stable, and the accuracy order is about O (h3 4+ At) = 0 (h3). Table 2 provides the numerical solution errors with
At = h. From this table, we can see that the non-iterative domain decomposition algorithm is still stable, but the accuracy
order is about first order. These results numerically verify the expected optimal accuracy orders arising from backward Euler
scheme, Taylor-Hood elements and quadratic elements.

In order to improve the accuracy order of the temporal discretization, we use the three-step backward differentiation
scheme to replace the backward Euler scheme in the algorithm of section 3. Then we list the corresponding numerical
solution errors for At =h in Table 3. These results in the table are consistent with the expected optimal accuracy orders
arising from the three-step backward differentiation scheme, Taylor-Hood elements and quadratic elements. In particular,
we see the optimal accuracy order of O (h3 4+ At3) = 0 (h3) with respect to L2 norms for U and ¢ since we use quadratic
finite elements for them.

Example 2. Consider the time-dependent Navier-Stokes-Darcy model with defective boundary conditions and B] interface
condition on the following domain. Let © = [0, 1] x [0, 1]. We choose Qs to be the polygon ABCDEFGHI] where A =
(0,1),B=1(0,3/4),C =(1/2,1/4),D = (1/2,0), E = (3/4,0), F = (3/4,1/4),G = (1,1/4),H=(1,1/2),1 = (3/4,1/2) and
J=(1/4,1). Let Qp =Q/Qs, So=ABU JA, S; =DE, and S, = GH.

Set T=1,a=1,v=1,g=1, z=0, and K = KI, where I denotes the identity matrix and K = 1. The boundary
condition data and source terms are chosen to be 0 except Q; on S; (i =0, 1,2). We subdivide  into rectangle of height
and width h =1/M, where M denotes a positive integer, and then subdivide each rectangle into two triangles by drawing a
diagonal. For this numerical experiment, we choose M =32 and At = h. The Taylor-Hood elements are used for the Navier-
Stokes equations and the quadratic finite elements are used for the second order formulations of the Darcy equation. In the
following, we will provide the numerical results at T =1 for the algorithm in section 5.

In the first test, we set Q1 = Q2 = —1 and Qg = 2 so that the total inflow rate is equal to the total outflow rate. In
the second test, we keep the same Q1 and Q; but set Qg =1 so that the total inflow rate is larger than the total outflow
rate. In the third test, we keep the same Qi and Q but set Qo =3 so that the total inflow rate is smaller than the total
outflow rate. Figs. 3-5 illustrate the numerical solutions at the end time T =1 for these three tests. These physically valid
velocity fields verify the effectiveness of the proposed Lagrange multiplier method under the framework of the parallel, non-
iterative, multi-physics domain decomposition. Particularly, compare with Fig. 3, we observe more flow from the conduit to
the porous media in Fig. 4 and more flow from the porous media to the conduit in Fig. 5, especially in the area around
the outflow boundary Sg. These phenomena are expected due to the chosen unbalanced inflow and outflow rates for the
conduit. Furthermore, we consider the more realistic parameters for hydraulic conductivity tensor. Fig. 6 illustrate that the
proposed method works well for some smaller parameters.
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Fig. 3. Plot of the speed and the velocity streamlines for Qo =2, Q1 = —1, and Q3 = —1. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)
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X

Fig. 4. Plot of the speed and the velocity streamlines for Qo =1, Q; =—1, and Q; = —1.

Fig. 5. Plot of the speed and the velocity streamlines for Qo =3, Q; =—1, and Q; = —1.
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Fig. 6. Plot of the speed and the velocity streamlines with k=10~ (left) and k =107 (right) for Qo =2, Q1 = —1, and Q; = —1.
7. Conclusion

In this article we first develop and analyze a parallel, non-iterative, multi-physics domain decomposition method for the
time-dependent Navier-Stokes-Darcy system with BJ interface condition. Then we develop a Lagrange multiplier method un-
der the framework of the proposed domain decomposition method to solve the time-dependent Navier-Stokes-Darcy system
with defective boundary condition and B] interface condition. Finite elements are used for the spatial discretization. Back-
ward Euler and three-step backward differentiation schemes are used for the temporal discretization. Numerical examples
are provided to illustrate the features of the proposed method.
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